To start with, an analytical layer-element (i.e., a symmetric stiffness matrix), which describes the relationship between the generalized displacements and the stress levels of a layer subjected to non-axisymmetric loading, is exactly derived in the transformed domain by the application of a Laplace-Hankel transform with respect to variables t and r, a Fourier expansion with respect to variable θ, and a Laplace transform and its inversion with respect to variable z, based on the governing equations of Biot's consolidation of multi-layered saturated poroelastic materials with anisotropic permeability. The analytical layer-element experiences considerable improvement in computation efficiency and stability, since it only contains negative exponential functions in its elements. In addition, a global stiffness matrix for multi-layered saturated poroelastic media is obtained by assembling the interrelated layer-elements based on the continuity conditions between adjacent layers. By introducing the boundary conditions and solving the global stiffness matrix, the solutions in the Laplace-Hankel transformed domain are obtained, and the final solutions can be recovered by a numerical inversion of the Laplace-Hankel transform. Finally, numerical examples are presented to verify the theory and to study the effect of the property of anisotropic permeability on vertical displacements and excess pore pressure. The calculation results show that the property of anisotropic permeability has a great influence on the process of consolidation.
Introduction
It is well known that saturated poroelastic materials are twophase media consisting of material grains and pore water, and that many practical problems involve the consolidation of saturated poroelastic materials. Therefore, the study of the mechanical response of such media has been a subject of interest to both researchers and engineers. Biot (1941 Biot ( , 1956 ) studied the threedimensional consolidation of saturated poroelastic materials in geomechanics. Since Biot's theory of consolidation can precisely reflect the time-dependent behavior of saturated poroelastic materials, it is meaningful to derive solutions to problems based on this theory. Analytical solutions for the consolidation of a semi-infinite poroelastic body and a single or multi-layered saturated poroelastic material system have been acquired Gibson, 1960a, 1960b; Schiffman and Fungaroli, 1965; Booker and Small, 1982a , 1982b Vardoulakis and Harnpattanapanich, 1986; Yue et al., 1994; Yue and Selvadurai, 1995; Senjuntichai and Rajapakse, 1995; Pan, 1999 ). An efficient analytical algorithm to solve Biot's consolidation of a multi-layered saturated poroelastic material system is the transfer matrix method (Bahar, 1972; Fang, 2001, 2003; Ai et al., 2008a Ai et al., , 2008b Ai et al., , 2010b Ai et al., , 2010c Ai and Cheng, 2009a) . However, it is difficult to eliminate the positive exponential functions involved in the elements of the transfer matrix, which may lead to unstable numerical results or overflow in the calculation, due to the influence of numerically illconditioned matrices. On the other hand, numerical techniques, such as the finite element method (Christian and Boehmer, 1970) and the boundary element method (Cheng and Liggett, 1984) are also put forward to analyze consolidation problems, although they usually require a large amount of time and effort. Recently, Ai et al. (2010a) and Ai and Zeng (2012) have presented a numerically stable method, called the analytical layer-element method, to solve Biot's consolidation problem of layered saturated poroelastic materials. It not only can eliminate the effect of numerically ill-conditioned matrices and overflow in the calculation, but it also can also save a lot of time. Moreover, it is seen that the permeability of saturated poroelastic media is usually assumed to be isotropic in most of the above studies. Since the permeability of a layer varies in different directions, it is really necessary to consider the anisotropic permeability of saturated poroelastic materials in the study of consolidation problems. Biot (1955) proposed the governing equations for Biot's consolidation problem for a general case of an anisotropic solid. The complete solutions were presented by Booker and Carter (1987) to analyze the transient effects of pumping a fluid at a constant rate from a point sink embedded in a saturated, porous elastic half-space. Chen (2004 Chen ( , 2005 presented analytical solutions of consolidation for saturated poroelastic materials with anisotropic permeability and the steady-state response of displacements and stress levels in a half-space subjected to a point sink. A finite layer numerical method was used by Mei et al. (2004) to examine the consolidation analysis of cross-anisotropic homogeneous poroelastic materials. Singh et al. (2007 Singh et al. ( , 2009 ) took advantage of the fully coupled Biot quasi-static theory to study plane strain deformation under two-dimensional surface loads and axisymmetric consolidation under axisymmetric surface loads of a poroelastic half-space with anisotropic permeability. Another analytical technique was proposed by Ai and Wu (2009b) to study the plane strain consolidation of multi-layered poroelastic materials considering the anisotropy of permeability. From the above study, it appears that there has been less research on the non-axisymmetric consolidation of multi-layered saturated poroelastic materials with anisotropic permeability.
In this paper, the governing equations for Biot's consolidation are solved analytically by means of a Laplace-Hankel transform with respect to variables t and r, a Fourier expansion with respect to variable θ, and a Laplace transform and its inversion with respect to variable z. Then, the analytical layerelement, describing the relationship between the generalized displacements and the stress levels of a single layer, is exactly derived in the transformed domain. The computation of the analytical layer-element matrices is numerically efficient and stable because there are no positive exponential functions in the elements of the stiffness matrix. Considering the boundary conditions and the continuity conditions between adjacent layers, the global stiffness matrix equation for the multilayered saturated poroelastic materials is obtained by assembling the interrelated layer-elements. The solutions in the transformed domain have been found by the global stiffness matrix equation, and actual solutions can be acquired by a numerical inversion of the Laplace-Hankel transform.
Analytical layer-element of single saturated poroelastic layer
The governing partial differential equations for the nonaxisymmetric consolidation problem are (Biot, 1955 )
where
is the Laplacian operator for the non-axisymmetric consolidation,
denotes the dilatation, η ¼ 1=ð1−2μÞ, and other variables are defined in Appendix A, Nomenclature. According to Darcy's law, total flow Q in the z-direction within the time from 0 to t is defined as
The application of Fourier expansions (suggested by Muki, 1960) , with respect to coordinate θ for the displacements, excess pore pressure, and dilatation results in where
Substituting Eqs. (3a)- (3e) into Eq. (1) yields
From Eqs. (5a)+(5b) and (5a)−(5b), we have
The Laplace-Hankel transform (mth order) of function f ðr; z; tÞ, with respect to variables t and r, and its inversion are defined by Sneddon (1972) 
f ðr; z; tÞ ¼ 1 2πi
where f ðξ; z; sÞ is the corresponding variable of f ðr; z; tÞ in the Laplace-Hankel transformed domain. Applying the Laplace-Hankel transforms of the mth, mth, mth, (m+1)th, and (m−1)th order to Eqs. (4), (5c), (5d), (6a), and (6b), respectively, we obtain
where u 
For stress, the following relationships can be obtained:
Similarly, the application of the Fourier expansions, with respect to coordinate θ for the stress and total flow, results in 
Letting 
Taking the Laplace-Hankel transform (mth order) of Eqs. (12c) and (12d) yields hm Þ, we have
The Laplace transform and its inversion (Sneddon, 1972) , with respect to variable z, are defined as
f ðξ; z; sÞ ¼ 1 2πi
Taking the Laplace transform of Eq. (9), with respect to variable z, and combining Eq. (14) yields
Ωs m ð0Þ−sQð0Þ−su zm ð0Þ ð 16bÞ
Eqs. (16a)-(16d) can be written as
where Vector U 4Â1 ðξ; 0; sÞ is the generalized displacement vector U 4Â1 ðξ; z; sÞ ¼ ½u 1m ðzÞ; u 2m ðzÞ; u zm ðzÞ; s m ðzÞ T when z=0, and vector T 4Â1 ðξ; 0; sÞ is the generalized stress vector T 4Â1 ðξ; z; sÞ ¼ ½s 1m ðzÞ; s 2m ðzÞ; s zm ðzÞ; Q m ðzÞ T when z=0. It is noticed that all variables in vector C 8Â1 ðξ; 0; sÞ are independent of z, so they can be represented by eight arbitrary constants, i. e.,C ¼ ½c 1 ; c 2 ; c 3 ; c 4 ; c 5 ; c 6 ; c 7 ; c 8 T , and c i (i=1-8) are arbitrary constants.
Taking the inversion of the Laplace transform with respect to Ω in Eq. (17), generalized displacements U 4Â1 ðξ; z; sÞ ¼ ½u 1m ðzÞ; u 2m ðzÞ; u zm ðzÞ; s m ðzÞ T can be expressed by the abovementioned eight arbitrary constants, and we have
where E 4Â8 ðξ; z; sÞ ¼ ð1=2πiÞ
Ωz dΩ, which is divided into two sub-matrices, E 1 and E 2 , of order 4 Â 4.
In accordance with Eq. (18), the following relationships can be obtained: Substituting Eq. (18) into Eq. (20), the generalized stress vector can also be represented by eight arbitrary constants, namely, 
where K ¼ N⋅M −1 is an exact symmetric matrix of order 8 Â 8, which establishes the relationship between the generalized displacements and the stress in the transformed domain of a single layer, as shown in Fig. 1 . It is called the analytical layer-element because matrix K has the character of the analytical solution in this paper, whose elements are provided in detail in Appendix B.
Analytical layer-element solution of multi-layered saturated poroelastic materials
As is shown in Fig. 2 , a saturated poroelastic material system has been divided into n layers. The thickness of the ith layer is defined as h i ¼ H i −H i−1 , where H i and H i−1 are the depths from the surface to the bottom and the top of the ith layer, respectively. A non-axisymmetric loading pðr; θ; H j ; tÞ at depth H j is considered. The non-axisymmetric loading can be further broken down into three components, i.e.,p r ðr; θ; H j ; tÞ, p θ ðr; θ; H j ; tÞ, and p z ðr; θ; H j ; tÞ in the r-, θ-, and z-directions, respectively.
Application of the Fourier expansion (Muki, 1960) , with respect to coordinate θ for p r ðr; θ; H j ; tÞ, p θ ðr; θ; H j ; tÞ, and 
Assuming that the surface of the saturated poroelastic material system is free and permeable and that the bottom of the system is fixed and impermeable, we then have s z ðr; θ; 0; tÞ ¼ s rz ðr; θ; 0; tÞ ¼ s θz ðr; θ; 0; tÞ ¼ sðr; θ; 0; tÞ ¼ 0 ð25aÞ u r ðr; θ; H n ; tÞ ¼ u θ ðr; θ; H n ; tÞ ¼ u z ðr; θ; H n ; tÞ ¼ Qðr; θ; H n ; tÞ ¼ 0 ð25bÞ
Applying Eq. (23) to each layer yields −Tðξ; H i−1 ; sÞ Tðξ; H i ; sÞ
where K ðiÞ ¼ Kðξ; h i ; sÞ denotes the analytical layer-element of the ith layer.
Considering the continuity conditions of the interfaces between adjacent layers, the global stiffness matrix of the multi-layered saturated poroelastic materials is ð27Þ Fig. 1 . Generalized stresses and displacements for single saturated poroelastic layer. where ½−Tðξ; 0; sÞ; 0; :::; 0; Tðξ; H j ; sÞ; 0; :::; 0; Tðξ; H n ; sÞ T are the generalized external forces in the transformed domain; ½Uðξ; H 0 ; sÞ; Uðξ; H 1 ; sÞ; :::; Uðξ; H n ; sÞ T are the generalized displacements in the transformed domain at the interfaces.
Considering the boundary conditions in Eq. (25a) and (25b), the unknown variables ½Uðξ; H 0 ; sÞ; Uðξ; H 1 ; sÞ; :::; Uðξ; H n ; sÞ T in the transformed domain can be derived by solving Eq. (27), and the real solutions can be obtained by taking the inversion of the Laplace-Hankel transform of these variables.
Numerical results and discussion
In order to get the real solutions, it is necessary to take the inversion of the Laplace-Hankel transform to the abovementioned solutions. In this study, the method proposed by Talbot (1979) for the numerical inversion of the Laplace transform is applied; its feasibility and efficiency for solving the Biot consolidation were demonstrated by Booker and Small (1982a , 1982b . And the technique suggested by Ai et al. (2002) is adopted to achieve the inversion of the Hankel transform.
Verification
In order to verify the accuracy of the foregoing theory, we compare the results of this paper by means of degenerating anisotropic permeability into isotropic permeability with those of Ai and Zeng (2012) in Fig. 3 . The loading over the circular region r ≤ a is applied to surface z ¼ 0 at t ¼ 0 þ and keeps constant thereafter, while the surface of the materials is considered permeable. The dimensionless vertical displacement at points θ ¼ 0 ∘ , r ¼ a, and z ¼ 3h=10, is plotted against time factor τ. From Fig. 3 , it can be seen that the results from this study are consistent with those of Ai and Zeng (2012) . Consequently, the accuracy of the method in this study has been confirmed.
Examples of multi-layered materials
Some examples are given here to study the consolidation of saturated poroelastic multi-layered materials with anisotropic permeability due to non-axisymmetric loading. As shown in Figs. 4-7, a non-axisymmetric circular loading is uniformly applied at the surface of three-layered saturated poroelastic materials, q is equal to p and the parameters have the following relationships: c ¼ 2G 1 k z1 =γ w and τ ¼ ct=a 2 . The parameters of the thickness, shear modulus, and permeability have the following relationships:h 1 : h 2 : h 3 ¼ 1 : 2 : 2; G 1 : G 2 : G 3 ¼ 1 : 2 : 4; k z1 : k z2 : k z3 ¼ 2 : 1 : 2; and the total thickness of the three-layered saturated poroelastic materials is h ¼ h 1 +h 2 +h 3 . Poisson's ratio is a constant value of μ ¼ 0:3 for each layer. We assume that δ ¼ k hi =k zi ði ¼ 1; 2; 3Þ is a parameter to show the anisotropic permeability property of the saturated poroelastic materials, and the parameter δ of each layer is the same.
As shown in Figs. 4 and 5, the effect of anisotropic permeability parameter δ on the vertical displacements is considered. The dimensionless vertical displacement at points θ ¼ 0 ∘ , r ¼ 0:5a, and z ¼ 0:5a, is plotted against time factor τ, while anisotropic permeability parameter δ is assigned to be 0.01, 0.1, 1, 10, and 100, respectively. Obviously, the saturated poroelastic materials have isotropic permeability when δ is 1.
Figs. 4 and 5 show that anisotropic permeability parameter δ has a great influence on the process of consolidation, while the final settlements of different conditions are identical. It can be illustrated that anisotropic permeability parameter δ has little effect on either the instantaneous settlement or the final settlement, while the greater δ of the saturated poroelastic materials can lead to a faster process of the primary consolidation settlement. By comparing the results of Figs. 4 and 5, it is seen that the variation in vertical displacements is very similar to the two figures, and that the effect of vertical loading is greater than that of the horizontal loading. As can be seen from Figs. 6 and 7, the effect of anisotropic permeability parameter δ on the excess pore pressure is considered. The dimensionless excess pore pressure is plotted against the dimensionless depth when time factor τ is 0.015 and permeability anisotropy parameter δ is 0.01, 0.1, 1, 10, and 100, respectively. Figs. 6 and 7 show that the effect of anisotropic permeability parameter δ, on the excess pore pressure, is also obvious when the time factor is 0.015. We notice that the excess pore pressure decreases as δ increases. When δ is 100, the excess pore pressure remains small along depth. And its value reaches the maximum when z is approximately 0.4h. By comparing Figs. 6 and 7, we see that the variation trends in the two figures are very similar. Meanwhile, the influence of vertical loading and the influence of horizontal loading on the excess pore pressure are alike.
Conclusions
In this paper, a numerically efficient and stable method has been developed to analyze the consolidation problem of multilayered saturated poroelastic materials, with anisotropic permeability, subjected to a non-axisymmetric load. The analytical layer-element (i.e., a symmetric stiffness matrix), which describes the relationship between the generalized displacements and the stress levels of a layer, is exactly derived in the transformed domain by the application of a Laplace-Hankel transform with respect to variables t and r, a Fourier expansion with respect to variable θ, and a Laplace transform and its inversion with respect to variable z, based on the governing equations of Biot's consolidation. By introducing the continuity conditions between adjacent layers, the global stiffness matrix equation is obtained by assembling the interrelated layer-elements. Actual solutions are obtained by solving the global stiffness matrix equation and numerical inversion of the Laplace-Hankel transform. Some numerical examples have been taken to study the effect of anisotropic permeability parameter δ on the vertical displacement and the excess pore pressure. The results of the numerical examples have shown that the anisotropic permeability of saturated poroelastic materials affects the process of consolidation considerably.
